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The objective of this research is to analyze and predict the interaction of surface 
cracks that occur in parallel planes.  Multiple cracks may form in aging aircraft that 
forms at stress concentrations such as fastener holes and notched components by stress 
corrosion and fatigue cracking. The lifetime of the structures are significantly affected by 
the interaction between these cracks. Depending on relative positions and orientations 
of neighboring cracks, local stress fields and crack driving forces can be affected by the 
presence of adjacent cracks. Even small subcritical cracks may rapidly grow to a size that 
will cause failure in service due to interaction and coalescence with other cracks. 
The interaction behavior and crack propagation direction of two parallel surface 
cracks is studied using three-dimensional finite element analysis (FEA). FEA models with 
wide range of crack configurations in a finite plate under tension are evaluated to 
investigate the correlation between the crack shapes and the separation distance 
between two cracks. The relative distance (vertical and horizontal) between two cracks 
and size and shape of these cracks are varied to create different stress interaction fields. 
Stress intensity factors (SIF) along the crack fronts are obtained from FEA, and then, 
xv 
cracking behaviors of the cracks are predicted by considering the influence of the 
interaction on the SIF and the coalescence of two cracks. The results obtained are then 
compared with existing experimental and analytical data for validation. All of the data 








CHAPTER 1. INTRODUCTION 
1.1 Motivation 
Cracks and other forms of defects in engineering structures may be introduced 
due to porosity, inclusions, forging or casting defects, or improper thermal and 
mechanical treatment of the material during manufacturing and processing [6]. 
Eventually, these small subcritical cracks will grow to a size that will cause failure in 
service. 
Cracks are often originate at stress concentrations such as fastener holes and 
notched components. Also, multiple cracks, which are likely initiated due to stress 
corrosion and fatigue cracking, have been observed in aging aircraft and mechanical 
components such as multi-site damage and pressure vessel fatigue [6]. At the tip of 
these cracks, stress exceeds the material strength and this stress concentration leads to 
catastrophic failure of the components. In addition, when multi-site damage is present 
in a component, the interaction and coalescence of the cracks causes a sudden increase 
in crack size and accelerates the growth of the crack which reduces the time to failure [2, 
5, 7, 11, 12, 13, 17]. 
When assessing the structural integrity of engineering structures, propagation of 
fatigue cracks are predicted to evaluate the safety and lifetime of the structure. Most
2 
common approach applied for this evaluation is by using the relationship between 
Stress Intensity Factor (SIF) and growth rate of fatigue crack to predict the crack growth. 
Therefore, growth behavior of the interacting cracks can be predicted by considering the 
effect of the interactions and coalescence of those cracks. The studies on the interaction 
effect between cracks are mostly dealt with coplanar cracks. Since there are relatively 
few studies on non-planar parallel crack interactions, there is a need to study the crack 
growth behavior or fatigue life of parallel cracked structures. 
 
1.2 Background 
1.2.1 Crack Growth 
Many approaches have been developed for predicting the life of a crack from the 
initiation to growth stages. These include stress-life and strain-life methodologies for 
the crack initiation, and linear elastic fracture mechanics (LEFM) principles. 
Using the LEFM approach, engineers may assume the existence of flaws in the 
design of an engineering structure, and from there, they can predict the approximate 
life before inspection or retirement.  LEFM assumes that crack growth is controlled by 
the cyclic SIF, K. SIF relates loading, crack size, and specimen geometry, and is often 
given in the form as 
	  
 . (1.1) 
The growth rate of a crack versus cyclic SIF curve shows a sigmoidal shape for 
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1.2.2 Previous Research on Multiple Crack Interaction 
The initiation of multiple surface crack is found to be common in many types of 
material failure, such as fatigue (Kamaya, Miyokawa, and Kikuchi [11], and Soboyejo and 
Knott [27]), corrosion fatigue (Wang et al. [30]), and stress corrosion cracking (Stonesifer, 
Brust, and Leis [21]). When such cracks are present in an engineering component or 
structure, the failure is usually progressed by the interaction and coalescence of those 
cracks.  
Due to the complexity in the analysis, exact solutions which are obtained by 
analytical methods are only applicable to problems with simple crack configurations [19, 
21]. With the rapid advancement of computer technology, extensive studies have been 
conducted using numerical methods to understand the crack growth behavior under 
multiple crack interaction [2, 9, 10, 11, 13, 17, 19, 20, 24, 28]. These studies have shown 
that the degree of the crack interactions is varied depending on the crack configurations: 
distance between the cracks, size and shapes of the cracks, etc. A lot of the studies have 
used the finite element method [2, 11, 13, 17, 19, 20, 24, 28] where the body force 
method [10] and the boundary element method [9] are also considered in solving the 
multiple cracking problems. 
Multiple crack interactions are usually categorized into coplanar and parallel. As 
shown in Figure 1-2(a), cracks are aligned in their propagation direction for coplanar 
crack type. For parallel crack type, cracks are aligned perpendicular to their propagation 
direction and located parallel to each other (Figure 1-2(b)). As shown in the figure, the 
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Among the experimental data from Forsyth [4] and Zezula [31], interaction 
behavior of two parallel cracks, as shown in Figure 1-6, is also found in four test cases: 
one “collinear coalescence”, two “parallel coalescence”, and one “bypass” type. Sample 
figures from specimen 7112-a22, front notch data at 53,000, 61,000, 67,000, and 73,000 
cycles are provided in Figure 1-8. Here parallel overlapping cracks (type 2) are observed 
to grow and coalesce as a function of elapsed cycles. It is shown that cracks (crack 
numbers 1.1 and 1.2) grew independently until about 61,000 cycles. Since the size of the 
cracks are different, the larger crack (lower right crack) grew faster than the smaller 
crack (upper left crack), and the smaller crack stopped growing within the stress 
shielding area of the larger crack. As the crack tips passed each other, coalescence 
occurred and the direction of progress of inner crack tips of two cracks are changed. 
Now, crack tips grew toward the opposite crack while the progress directions of outer 
tips are perpendicular to the loading direction. This implies that the cracks began to 
interact with each other to coalesce into a larger crack. In the experiment, the cracks did 















The objectives of this research can be identified as following: 
 
1. characterize interactions of two symmetric parallel semi-elliptical surface cracks 
with a wide range of crack configurations and determine the SIF along the crack 
front by the finite element method, 
2. characterize interactions of two non-symmetric parallel semi-elliptical surface 
cracks with a wide range of crack configurations and determine the SIF along the 
crack front by the finite element method, and 
3. validate the results obtained by comparing those with existing experimental and 
analytical data from Kamaya [13, 14] and Needham [20]. 
 
Many engineering structures and components often contain non-coplanar crack 
configurations. However, relatively few studies are conducted on the interaction 
behavior of parallel cracks, and majority of those studies are focused on the variation of 
SIF. Therefore, in order to evaluate the safety of a structure, investigation on the crack 
growth behavior or fatigue life assessment on a structure containing two parallel cracks 
are required.  
In Chapter 2, crack analysis and stress intensity factor calculations in Abaqus and 
development of the Abaqus model are introduced. Then, correlation between the crack 
type and the separation distances are analyzed for symmetric and non-symmetric 
parallel surface crack in the result chapter (Chapter 3). The result chapter discusses 
14 
about the comparison between output results of the FEA and the previous experimental 
data. Finally, Chapter 4 provides discussion and conclusion of the research and states 






CHAPTER 2. METHOD  
In this research, the finite element software package Abaqus, Version 6.10 [25] is 
used to compare the numerical and experimental results. To develop the models, an 
iterative process is used to move from simple structures that had known SIF solutions to 
the complex structure that had unknown stress intensity factor solutions. 
 
2.1 Introduction to Abaqus – Finite Element Analysis 
Abaqus is a software for finite element analysis (FEA) and computer-aided 
engineering (CAE). Abaqus relies on contour integrals which first involves determining 
the displacement field around the crack tip. The displacement field is then used with a 
strain energy release rate algorithm to determine the SIF at a defined location [25]. 
Abaqus offers two different ways to model cracks. The first is based on the 
conventional FEM, which typically requires the user to conform the mesh to the cracked 
geometry to explicitly define the crack front and to specify the virtual crack extension 
direction. The second is based on the extended finite element method (XFEM). This 
method does not require the mesh to match the cracked geometry. However, contour 
16 
integral evaluation with XFEM is currently limited to linear tet and brick elements [26]. 
Thus, the first method is used in this research. 
 
2.1.1 Stress Intensity Factor Computation Methods in Abaqus  
Abaqus uses Stress Intensity Factor to J-integral relationship to calculate the 
stress intensity factors around the crack tip. In fracture mechanics, J-integral is used to 
calculate the energy release rate associated with crack growth [1]. The energy release 
rate is given by  
    ! " ! # $% , (2.1) 
where dA is area of the elements around the crack front. H is given by 
"  &'( ) * ! +,+- .. (2.2) 
In linear elastic fracture mechanics, mode I, mode II, and mode III SIFs, KI, KII, and 
KIII, are used to estimate the stress and displacement around crack tips. For an isotropic 
and homogeneous material, the relationship between the SIFs and the energy release 
rate (the J-integral) is given as 
  /0 	1 2 	1  2 3 	1  (2.3) 




2.1.2 Crack Growth Direction 
Engineering structures are subjected to complex loading condition. Therefore, 
crack growth under the mixed mode loading condition must be investigated especially 
when interaction between cracks are existent. Erdogan and Sih [3] proposed a 
maximum tensile stress criterion which provides the near-tip stress field for a crack 
subjected to mixed mode fracture. This criterion is the simplest approach in predicting 
the crack extension direction under the mixed mode loading condition, which is also 
used in Abaqus to calculate the crack propagation angle. The near tip stress field is given 
by 
 
::  ; <=>
? @	 <=>1 ? ) A	 >BC ?D 
EF:  ; <=>




where r and  are the polar coordinate centered at the crack tip. According to the 
criterion, the crack propagates in the direction at which 
::takes the maximum with 
respect to  near the crack tip (I
:: J?    or EF:  ). From this condition, crack 
propagation angle K can be obtained by the following equation    
		 
>BCK ) A <=>K (2.6) 
or K  <=>65 LA	1 2 M	N 2 	1	1	1 2 O	1 P (2.7) 
Erdogan and Sih found that KII is closely related to the deviation of the crack 
growth direction. Considering that crack propagation angle K is measured with respect 
18 
to the crack plane, a positive KII causes a negative K while a negative KII causes a 
positiveK.77K = 0 means mode II stress component is not present (KII = 0) and the crack 
extends straight-ahead direction: purely under mode I loading.  
 
2.2 Model Development 
In this research, the SIF of interacting parallel semi-elliptical cracks, which are 
perpendicular to the loading direction, are evaluated by FEM using Abaqus. The 
research performed to achieve the objectives falls into three categories. The first is the 
development of the three dimensional model containing parallel surface cracks in 
Abaqus. The first part of this research is completed by learning and extending the work 
that has been done by Kamaya [14] and Needham [20]. Due to the lack of experimental 
data to verify the three dimensionality of the problem which is studied in this research, 
the complexity of the finite element model is gradually increased from a two 
dimensional center crack to two parallel cracks, and then to three dimensional surface 
cracks. Once three dimensional surface crack modeling methods are validated by 
comparing the obtained results with Newman and Raju’s solution for single cracks [21], 
three dimensional model containing two parallel surface cracks is constructed. Final 
model is validated by comparing several solutions with Kamaya [12, 14] and Needham’s 
[20] results. In addition to providing a means of verification, this process also afforded 
valuable experience and familiarity with the software. 
As discussed in the previous section, Abaqus defines the first contour as the ring 
of elements surrounding the crack front when calculating the J-integral. For each 
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contour, rings of elements are connected to previous contour recursively. From the 
previous studies [13, 20], SIFs (J-integral) are converged at the 5th contour for quadratic 
mesh refinement cases. Thus, SIFs are obtained using 2D 8 node quadratic solid 
elements (CPS8) and 5th integral in all validation cases. 
All analyses are assumed as linear and purely elastic, and stiffness and Poisson’s 
ratio of typical Aluminum (E = 3*10^7 and  = 0.30) is selected for this study. SIFs 
obtained from Abaqus are normalized by equation (1.3), and calculated results for each 
configuration are presented against the results from previous studies. 
 
2.2.1 Two Dimensional Offset Parallel Cracks 
Prior to the three dimensional model development, two dimensional parallel 
cracks in offset positions embedded in a wide plate subjected to tensile loading are 
investigated. In order to compare the results with the Murakami solutions [18], 
configuration of these cracks is redefined in Figure 2-1. Here 2a is the thru-crack length, 
f is the vertical distance between crack planes, while e and d are the horizontal and total 






















































2.2.2 Three Dimensional Single Semi-Elliptical Surface Crack 
As mentioned earlier, complexity of the finite element model is gradually 
increased. Prior to develop the three dimensional model containing two offset parallel 
cracks, three dimensional plate with a single semi-elliptical surface crack subjected to 
tension is modeled. Figure 2-3 below shows the first generation of the three 
dimensional FEM model containing single surface crack. To simplify the model and 
reduce the computational time, a half symmetric model is constructed. Since the crack 
is located at the center of the plate, boundary conditions are symmetric along the crack 
face. As shown in Figure 2-3 (a), the area around the crack tip is divided into two 
sections: inner tube and outer tube. By partitioning the crack tip area into two circular 
tubes, collapsed singularity elements are created in the inner tube region; and 
structured elements are created in the outer tube region, which to be used in the 
contour integral evaluations. This partitioning method is recommended by Abaqus to 






























The mesh partitioning method suggested in the Abaqus documentation has a 
limitation in the mesh design. As the radius of the inner tube decreases, size of the mesh 
elements are decreased and finer meshes are formed along the crack front. However, if 
the size of the inner tube elements is too small, elements in the outer regions 
connected to those inner tube meshes may be distorted. When the meshes are 
distorted, quality of the mesh is reduced and Abaqus produces a warning message. Thus, 
care must be taken to maintain the quality of the mesh within the warning limits.  
To select the radius of inner and outer tubes, r and R respectively, various 
combination of radii are tested on the FEM model shown in Figure 2-3. Identical mesh 
design (e.g. mesh partition, number of elements for inner and outer tubes along the 
crack front, etc.), except the tube radii, is used throughout the investigation. KI at free 
surface and at maximum depth of the crack is then compared with corresponding 
solutions from Newman and Raju [22]: Table 2-1 summarizes the difference between 
these KI solutions for five different tube radii ratio (r/R). As provided in the table, the 
model with tube radii ratio of 0.1 produced the results which give the lowest average 
difference between the FEM and Newman and Raju. Thus, tube radii ratio of 0.1 is 
selected for the final FEM model used in this study. 
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Table 2-1 Tube radii selection study for three dimensional semi-elliptical surface crack 
under tension: KI at free surface and at maximum depth of the crack obtained from five 





radius, r  
Outer tube 
radius, R  
Tube radii 
ratio, r/R 
Difference between FEM and 





1 0.01 0.5 0.020 2.42 2.10 2.26 
2 0.01 0.4 0.025 2.40 2.11 2.26 
3 0.01 0.2 0.050 1.59 1.31 1.45 
4 0.01 0.1 0.100 1.10 0.14 0.62 
5 0.01 0.07 0.143 1.47 0.05 0.76 
 
Now, FEM models for various crack geometries are created to validate the final 
mesh design developed for the three dimensional semi-elliptical surface crack by 
comparing the results with Newman and Raju’s solutions [22]. Normalized KI along crack 
front for various crack depths, c, and crack lengths, a, from the FEM model are plotted 
against Newman Raju’s Solution in Figure 2-4 below. As shown in the figure, FEM results 
for various crack shapes are compared favorably with Newman and Raju solutions. 
Maximum difference between the FEM model and Neman and Raju solution is obtained 
as 4.3 % at the deepest point of the crack for c/w = 0.1 and a/c = 0.3 case (Figure 2-4 (a)) 
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 (a/c = 0.3)
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2.2.3 Three Dimensional Overlapping Parallel Surface Cracks 
The mesh design of the final model, which contains offset parallel cracks, is 
adapted from a design used in the Needham’s [20] study. As the design of the three 
dimensional mesh is evolved and redesigned as the complexity is added to the model 
throughout the study, another mesh modeling technique is introduced. It is discussed in 
the previous section that finer meshes must be adopted around crack tips to get 
accurate results in Abaqus. Also, when multiple overlapped cracks are present in a 
model, mesh patterns of those cracks also overlap each other. Finer meshes and 
overlapping mesh patterns cause the mesh structure to be complex, which makes it 
difficult to connect the meshes around the cracks. Therefore, as shown in Figure 2-5, 
Needham constructed three separate blocks to overcome this problem: two crack 
blocks and one intermediate block which is inserted between the cracked blocks. Then, 
by using the “Tie” function in Abaqus, these three blocks with mismatching mesh 
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simple two dimensional model to advanced three dimensional model, result from each 
model are compared with existing solution. The output from the final model is also 
compared with Needham and Kamaya’s results. Good agreements between the 
solutions are observed, and it is validated that the final FEM developed is robust and 
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are reduced. As shown in Figure 3-6(d), when the cracks are separated far apart, the KI 




























































































































t of the ver
 a crack is is
effected by
here is no s
along the cr
l separatio











ns of 2, an




 right on to
ion 
 its adjacen



















 = 2), stress
k regardles
ding effect 
d for all cas
are also id
arying vert












= -2), KI pro
ever, when

























0.3): KI at th






















ant for the s
 are droppe
 the lowest 
 vertical s
ed, and SIF
de I SIF alo
l separation










 (S/a) of -2 (
xed horizon


















 to the iso
rying vertic

























effects are observed as two cracks are overlapped, and these effects are more obvious 
when cracks are located closer vertically. As shown in the figure, crack front regions 
under the stress shielding effect are about the same when the horizontal spacing 
between the cracks is the identical. It is also found that the stress amplification and 
shielding effects are significant when the adjacent crack is closely located from the 
bottom crack vertically. KI for H/a = 0.3 is reduced by 84% at the inner crack tip ( = 180°) 
from that of the isolated case where KI for H/a = 2 is only reduced by 10%. Stress 
amplification is observed for H/a = 0.3 and 0.5 only. For these cases, the location of the 
maximum SIF is near two cracks’ overlapping point. When the vertical separation is 
greater than 0.5, SIFs along the non-overlapped crack front region are about the same 
as that of H/a = 2. As the vertical distance between the cracks increases, stress shielding 
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experienced both stress amplification and shielding effects while KI at the outer crack tip 
remained about the same until majority of two cracks are overlapped. For both tips, KI 
converges to that of isolated crack when the horizontal separation between two cracks 
(S/a) is large. It is found that the KI is the highest just before the cracks overlap at the 
inner crack tip. As two cracks overlap, SIF at the inner crack tip decreased dramatically 
by 86% from that of isolated crack until more than half of the crack area (S/a > -1.5) is 
overlapped. Once majority of the crack area is overlapped, KI is increased again and 
converged to that of completely overlapped case. As shown in the previous section 
(Figure 3-7 and Figure 3-8), KI profile of S/a = -2 and 2 are symmetric along the crack 
front. Thus, KI at the inner crack tip and outer crack tip for both s/a = -2 and 2 are the 
same. 
Variations of KI at inner and outer crack tips for various vertical separations are 
plotted in Figure 3-12 and Figure 3-13. It is clear that SIFs are most sensitive for H/a = 
0.3 and least sensitive for H/a = 2 among the results provided. Mode I interaction is 
diminished and SIF profile is converged as the vertical separation is increased. For the 
outer crack tip (see Figure 3-13), mode I interaction is not observed when cracks are 
overlapped; and only small amount of mode I interactions are observed for S/a less than 
0. Interestingly, stress amplification effects are observed for H/a of 0.3 and 0.5 where 
S/a is between -1.2 and 0.3. When S/a is less than -1.2, stress shielding is effective for all 
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In this chapter, variation of KI along the crack front is discussed for two parallel 
symmetric surface cracks with various horizontal and vertical separation distances. It is 
found that KI around inner crack tip is amplified as two parallel cracks approach to each 
other. Then, once two cracks are overlapped, KI started to decrease due to the stress 
shielding effects. These SIF variations are observed to be significant when vertical 
separation distance between two cracks is small, and SIF profiles are converged as 
vertical separation increases.  
 
3.1.3 Mode II Stress Intensity Factor 
Engineering structures are subjected to complex loading condition. Therefore, 
crack growth under the mixed mode loading condition must be investigated especially 
when interaction between cracks are existent. In this chapter, mode II stress intensity 
factor (KII) is analyzed the same way as the mode I stress intensity factor (KI) in Chapter 
3.1.1. 
 
3.1.3.1 Effect of the horizontal separation 
Figure 3-14 shows the normalized mode II SIF profile along the crack front of a 
semi-surface crack (c/a = 0.7) over the range of -0.3  H/a  2 at S/a of 2. When the 
horizontal distance between two cracks is greater than 0.3, mode II interaction between 
the cracks are minimal. Especially when two cracks are isolated from each other (S/a = 
2), KII is essentially zero, and the crack opening is purely under mode I. However, as the 
47 
cracks approach each other, the crack front experiences mixed mode loading condition 
near the inner tip: KII around inner crack tip decreases and becomes negative where 
crack will be deflected in a positive direction due to a negative KII value (refer to Chapter 
2.1.2). Then, KII near the inner crack tip starts to increase as about 1/3 of the crack 
length is overlapped (S/a = - 0.7). When the half of the crack length is overlapped (S/a = 
-1), KII around crack front overlapping point (~120°) also starts to increase and becomes 
positive: crack propagation direction will be switched to a negative direction. As the 
majority of the cracks are overlapped (S/a < -1.5), KII along the entire crack front 
increases and becomes positive, and the SIF profiles are converged to the SIF profile of 
completely overlapped crack configuration (S/a = -2). It is found that when two cracks 
are completely overlapped, KII interaction is observed in the entire crack front area and 
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Similar to KI interactions, KII interactions are more obvious when cracks are 
located closer vertically. However, the effect of vertical separations on KII interactions is 
not as significant as seen in KI interactions. For all cases, mode II loading effects are 
reduced as the vertical separation increases, and SIF profiles are converged to the 
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and 1.2. Figure 3-24 Curve fit for the normalized mode I SIF with varying horizontal 
distance (S/a) at a fixed vertical distance (H/a) for c/a = 0.7, 0.9, 1, and 1.2 and Figure 
3-25 show the fitted polynomials of normalized KI and KII at fixed vertical separations 











































































































As seen in Figure 3-12 in chapter 3.1.2.3 and Figure 3-20 in chapter 3.1.3.3, SIF 
variations are irregular over the range of -2 S S/a S 2, it is not possible to obtain good 
regression line over the entire range. Thus, horizontal separation range is divided into 
two separate regions:  
•   KI : ) S TUV S A W A X TUV S  for all crack shapes 
•   KII : Y77) S TUV S  W  X TUV S ) S TUV S A W A X TUV S  for c/a = 0.7, 0.9, 1 for c/a = 1.2 
 
The difference between the FEM results and the resulting curve fit solutions are less 
than 1 percent for all cases. Coefficients of the polynomial fits and coefficient of 
determination, r2, of the regression lines for normalized KI and KII determined for each 
region are listed in Table 3-1 and Table 3-2, respectively. As an example, polynomial 
equation of normalized KI value for c/a = 0.9 and H/a = 2 over the range of ) S TUV S
7 is reconstructed using the coefficients listed in Table 3-1:  
Z=[\7	  )O] @̂D
_ )  @̂D
1 2 ]` @̂D 2 ]O for ) S ab S A 
Z=[\7	  )` @̂D
_ ) A @̂D
1 2 A`A @̂D 2 ]O]O for A X ab S  
Normalized KI value for the horizontal distance (S/a) of -1.5 can be calculated as 0.4542 




































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































3.1.5 Crack Propagation Angle 
Changes in crack propagation angle with respect to horizontal and vertical 
separation distance are discussed in this chapter. As discussed in Chapter 2.1.2, crack 
propagation angle can be calculated from KI and KII. From the fitted equations of KI and 
KII determined in the previous chapter (Chapter 3.1.4) and equations 2.6 and 2.7, crack 
propagation angles of c/a = 0.7 at the inner tip over the ranges of -2  S/a  2 are 
calculated for H/a = 0.3, 0.5, 0.9, 1.2, 1.5. The calculated results are plotted in Figure 
3-26. In Figure 3-26(a), change in KII/KI ratio is illustrated as a function of the relative 
location between two cracks. The ratio can be used to calculate a crack propagation 
direction so that the crack growth path, positive, straight, or negative, at crack tips can 
be estimated. As discussed in Chapter 2.1.2, when crack is under pure mode I loading, 
the crack grows in straight direction ( = 0 when KII/KI =0). However, when mode II 
loading is introduced as two cracks approach each other, mixed-mode loading condition 
is applied to the crack tips, and the tips start to twist in either positive (counterclockwise: 
 > 0 when KII/KI < 0) or negative (clockwise:  < 0 when KII/KI > 0) direction as they grow.  
As discussed in the previous chapters, SIFs variations are strongly dependent on 
the relative separation distance between the cracks. The magnitude of the KII/KI ratio is 
affected by KI while the shape of the ratio changes is similar to that of KII. KII/KI ratio 
significantly decreases as the adjacent cracks approach and then passes the inner crack 
tip. In this region, cracks will propagate in a convergent path: crack tips are twisted 
toward each other and crack deviation angle  is increased. While two cracks are 
overlapping, the magnitude of KII/KI ratio reaches its maximum, and then decreases until 
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S/a  -1/5. At around S/a = -1/5, the sign of the ratio changes from negative to positive, 
which crack propagation angle  is converted from positive (counterclockwise) to 
negative (clockwise) direction. The magnitude of the ratio increases until it decreases 
again as two cracks are completely overlapped. As the crack deviation angles are 
obtained from the relationship between KI and KII by applying equation 2.6 or 2.7, the 
changes in the magnitude of the KII/KI ratio over the crack’s relative location are also 
reflected in Figure 3-26(b). Almost same trends are observed for other crack shapes (c/a 
= 0.9, 1, and 1.2), and thus, the crack propagation angle plots for c/a = 0.7 are only 
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From Chapter 3.1, it is found that stress field interference is significantly 
observed when the vertical distance between two cracks are small. Therefore, only the 
stress profiles from the crack interaction cases at vertical separation (H/a) of 0.3 are 
presented in this Chapter. 
 
3.2.1 Effect of the crack depth (Type I) 
Effect of the neighboring crack’s depth is studied by observing the changes in SIF 
profile of crack #1 when the depth of crack#2 is varied. First, mode I SIF profiles of 
isolated crack cases (S/a = 2) are considered. In Figure 3-30, KI profiles along the crack 
front of crack #1 are plotted for Type I cracks (c2/a = 0.3, 0.5, 0.7, 1). As discussed in 
Chapter 3.1.1, SIF profile of the crack is symmetric along the crack front, and the profile 
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adjacent is found to be negligible. Also, it is observed that the crack front region which is 
under the stress shielding effect is shifted along two cracks’ overlapping point.  
 
3.2.2 Effect of the crack length (Type II) 
In this chapter, effect of the neighboring crack’s length is studied using the SIF 
profiles obtained for Type II crack interactions. First, mode I SIF profiles of crack#1 for 
overlapped distance of -1.5 are considered for Type II cracks. Top view of Type II crack 
shapes at horizontal separation distance of -1.5 are illustrated in Figure 3-35 below. 
Depth of crack#2, c2, is fixed as the half crack length of crack#1 (c2/a1 = 0.5), and length 
of crack#2, a2, is varied (a2/a1 = 0.25, 0.5, 0.7, 1, and 1.2). As shown in the figure, size of 
crack#2 for cases (a), (b), and (c) are smaller than crack #1, and thus, crack fronts of two 
cracks are not intersected when S/a = -1.5. Only the crack fronts for cases (d) and (e) are 


















op view of t
hori
files of crac














d inside of 
(a) a2/a1 
(b) a2/a1 = 
(c) a2/a1 = 
(d) a2/a1 =
(e) a2/a1 = 
ed cracks w
ation (S/a) 
 -1.5 are pl
, trend in 
ng on whet
nts are inte























ack #2, and 
ffect. Howe
ea. Since cr









































d to be sym




 (a2/a1) at a
files for Typ





/a1 = 0.7 ca
 is located w
he inner cr
 mode I SIF
 fixed horizo
e II cracks a
0.1 in Figure
. Same as th





ack tip of c
 along the c
ntal separa
re plotted f
























d by the 
 the crack a
ce is observ
hough crack






















neighboring crack regardless of its size and vertical location: stress profile is symmetric 
along the crack front, and the profile is identical for all Type II crack shapes. Therefore, 














































































































As crack#2 approaches to crack#1 (see Figure 3-37(a)), stress near the inner 
crack tip is increased about 3% for a2/a1 = 0.5, 0.7, 1, and 1.2 and 1% for a2/a1 = 0.25. 
Compare to other crack interaction cases observed before, stress interference is 
detected to be minimal when two cracks are not overlapped (Note that the depth of 
crack#2 is fixed as half of crack#1’s crack length). It is found that the amount of stress 
amplification does not differ when the length of crack#2 (crack length ratio, a2/a1) is in 
between 0.5 and 1.2. For a2/a1 = 0.25, almost no stress amplification (less than 1%) is 
occurred at S/a = 0.1, and thus, it is concluded that when two cracks are not overlapped, 
influence from the neighboring crack is even negligible if a2/a1 is less than 0.25.  
Figure 3-37(b) shows KI profiles for overlapped cracks with a horizontal 
separation distance of -0.3 are illustrated. Similar to the previous crack interactions, 
both stress shielding and amplification effects are observed when two cracks are 
overlapped (S/a < 0). Stress near the inner crack tip is amplified, but the locations of the 
highest KI are shifted to 	 = 150° to 155° except a2/a1 = 0.25: stress amplification effect 
is not observed for a2/a1 = 0.25 case regardless of the horizontal separation distance 
(refer to Figure 3-36, Figure 3-37, and Figure 3-38). Also, KI profiles of crack#1 beyond 
the crack intersection angle, in which the cracks are overlapped, are reduced due to 
stress shielding for all crack cases. When S/a is reduced from -0.3 to -0.7, crack 
overlapping area is increased, and thus, stress shielding effect from the crack 





When crack#2 is approached near the outer crack tip of crack#1 (S/a = -1.9), 
interference on the stress field is caused by crack #2, and KI around the outer crack tip is 
decreased by 10% or less (Figure 3-38) from that of the isolated crack. On the other 
hand, stress shielding effect near the inner crack tip of crack#1 is 1) not existent for 
a2/a1 = 0.25 and 0.5 cases since crack#2 is located far from the inner crack tip and 2) 
reduced for a2/a1 = 1 and 1.2 cases as the overlapping area between two cracks are 
decreased. 
Figure 3-38 illustrates the KI profiles of completely overlapped cases (S/a = -2). 
Except a2/a1 = 1 case, SIF profiles of Type II cases at S/a = -2 is not symmetric along the 
crack front as shown in other crack interaction cases. In previous chapters, the length of 
the cracks is the same for both cracks whether the shape of two interacting cracks is 
identical (Chapter 3.1) or not (Chapter 3.2.1). Consequently, stress interference 
behavior at both inner and outer crack tips is obtained to be identical. However, for type 
II crack interactions, only a2/a1 = 1 case has the same crack length, which produced 
symmetric KI profile along the crack front. Normalized KI near the outer crack tip (	 = 0°) 
is decreased about 15% to 20% from that of the isolated crack. The behavior of mode I 
interaction near the inner crack tip (	 = 180°) for a2/a1 = 0.25 and 0.5 cases are found to 
be identical to the trend shown for S/a = -1.9 (Figure 3-38(c)): no stress shielding effect. 
Stress shielding is observed for a2/a1 = 1 and 1.2 cases, but the effect from the shielding 
is reduced, and KI is increased from that of S/a = -1.9 case since the crack front 
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3.3 Crack Growth Simulations and Comparisons with Previous Experimental Results 
As discussed in Chapter 1.2, previous studies have investigated the changes in a 
shape of surface crack contained in a plate made of various materials with various initial 
crack sizes as they grow under cyclic loading. Experiments on predicting crack shape 
changes are performed including few cases which concern two interacting surface crack 
as studied in the current research [4, 13, 14, 31]. To validate the applicability of the 
current solutions, i) growth of interacting parallel surface cracks are predicted using the 
stress intensity factor results obtained from the same Abaqus finite element model 
developed in this study, and then, ii) the results from the predictions are compared to 
the data from those experimental studies.   
In this research, crack growth is simulated based on the fatigue crack growth 
prediction method for a single surface crack proposed by Newman and Raju [21], which 
is a standardized method in fatigue crack growth predictions. This method assumed a 
fatigue crack growth Paris law (equation 1.2) is valid for surface cracks, and that the 
surface fatigue cracks maintain their semi-elliptical shape as they grow and only the 
aspect ratio of the crack changes. These assumptions are widely used in other surface 
growth prediction studies and are supported by experimental evidence [13, 14, 24, 27]. 
Based on these assumptions, the following relations are used to calculate the growth of 
the crack: 





a = crack length,  
c = crack depth, 
N = number of fatigue cycles, 
m = material constant, 
b, e = material resistances at the surface and deepest points, and 
	b, 	e = ranges of SIF at the surface and deepest point. 
Material constants m and e are obtained from standardized test, and b is calculated 
by the empirical correlation b  Oe . Using this correlation, the changes in surface 
crack shapes are defined as 
d  fOgd @ 2 A` &dQ.
1Dh
5 i=[ d S c 
(3.3) 
and  d  jOgd L 2 A` &dQ.
1 &d.Pk
5 i=[ d l  
 First step of the crack growth simulation process is to select a crack growth 
increment 
c and calculate 
a from equation 3.3 to determine the new dimensions of 
the crack c1 and a1: d5  dm 2 d7VCn75  m 2 7Secondly, SIF distribution for a 
crack along crack front is calculated using Abaqus. Now, the number of fatigue cycles, N, 
is the only unknown parameter in the Paris law (equation 3.2), and N can be determined 
by numerically solving the Paris law with evaluated SIF and material constants. For each 
crack growth increment, this process is repeated until the final crack depth has been 





Kamaya conducted experiments containing two semi-circular surface cracks with 
same size which are located at the center of the specimen [13, 14]. Among the 
experiments, test conditions for Specimen B-H5 and B-H10 found to be closely related 
to the current research: two symmetric semi-circular cracks are located at the center of 
a plate parallel to each other. Identical test conditions are applied both specimen except 
the vertical separation distance between two cracks. Therefore, the crack growth of B-
H5 and B-H10 are simulated using the experiment condition identified by Kamaya. Then, 
the results obtained from the simulation are compared with Kamaya’s results: i) crack 
growth at the deepest point of the crack over the cycles (Figure 3-40) and ii) crack 
growth shape on the surface of the specimen (Figure 3-41 and Figure 3-42). Initial 
dimensions of the surface crack and experimental conditions of B-H5 and B-H10 are 
summarized in Table 3-3 below. 























B-H5 B-H10 B-H5 B-H10 
120 0.1 15 5 5 0 0 5 10 
 
Starting from the initial crack shape (a0 = 5 mm, c0 = 5 mm), five additional crack 
growth patterns are simulated for both crack cases. The material constants used in this 
crack growth prediction study are Cc = 3.5*10-11 and m = 2.52, which are obtained from 




at the deepest point of the crack is simulated using Newman and Raju’s fatigue crack 
growth prediction method [21]. The step size of the crack growth length at the deepest 
point, 
c, is chosen as 0.94 mm, which is about 6% of the plate thickness. The growth 
length at the surface, 
a, is calculated using equation 3.3. SIF is evaluate by Abaqus for 
the grown crack, and then, the number of fatigue cycles, N, is calculate using the Paris 
law (equation 3.2). This process is repeated for five times, and the result obtained from 
the simulation is plotted with Kamaya’s results from the simulation and experiment in 
Figure 3-40. The curves with filled markers are the experimental results obtained by 
Kamaya from the two parallel cracks tests. The curves with open markers are the results 
obtained from the simulation performed by Kamaya and the author. Kamaya also used 
the crack growth prediction method proposed by Newman and Raju except average K 
values are used instead of the local K values in the simulation. As shown in the figure, 
simulated results for multiple interacting cracks using the fatigue crack growth 
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cracks remained straight, and ii) assuming the crack growth rate at both inner and outer 
tips of the crack are the same. 
At the inner crack tips, deviation of the crack growth path is observed for the 
specimens as two cracks overlap each other. Curving of the crack tip is more obvious for 
the specimen B-H5 since the vertical separation distance between the cracks is smaller 
for B-H5. On the other hand, crack growth at the outer crack tips are almost straight as 
their stress field is not disturbed by the adjacent crack. 
Figure 3-41(b) and Figure 3-42(b) are photos of the crack shape development on 
the surface of specimen B-H5 and B-H10 obtained during the experiment conducted by 
Kamaya, Miyokawa, and Kinuchi [12]. From the comparisons between the simulation 
results and experimental results on i) the crack growth at the deepest point of the crack 
and ii) crack shape development on the surface of the specimen, it is concluded that 
there is a good correlation between the results obtained by the author and the results 
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CHAPTER 4. CONCLUSIONS AND RECOMMENDATIONS 
4.1 Conclusion 
FEM is used to analyze the interaction between two semi-elliptical surface cracks 
which are located in offset positions perpendicular to the loading direction. Since 
fatigue crack growth is controlled by the cyclic Stress Intensity Factor (SIF), effects of 
relative positions and shapes of the interacting cracks on variation of SIF along the crack 
front are discussed. SIFs of 619 crack interaction configurations with various horizontal 
and vertical separation distances are evaluated in this study. 
It is seen that mode II SIF (KII) along the crack front is essentially zero and crack is 
purely under mode I when two cracks are located far from each other. As two cracks 
approach each other, mode I SIF (KI) near the inner crack tip are amplified and KII is 
introduced around the neighboring crack tips. Cracks are now under a mixed mode I and 
mode II loading condition. When two cracks start to overlap, stress shielding effects are 
observed around the overlapping crack front, and both KI and KII near the inner crack tip 
is decreased. Due to stress shielding, SIF of interacting cracks are decreased, and crack 
growth rate is reduced.  
SIF variations are found to be significant when the vertical separation between 




crack front is observed as H/a reduces. However, when two cracks are located far from 
each other, effect from the vertical separation is found to be minimal or negligible. 
By varying the shape of the neighboring crack, effects of the adjacent crack’s 
relative depth and length on the interaction of two non-symmetric cracks are also 
investigated. From the depth variation study, it is seen that stress field interference 
from the neighboring crack increases as the depth of the adjacent crack increases while 
length of the crack is fixed. Location of the stress shielding effect is shifted along the 
crack front because the size and the location of the overlapped crack front area are 
varied depending on the depth of the second crack.  
From the crack length variation study where the depth of the neighboring crack is 
now fixed, it is also found that the location of crack front region under the stress 
shielding effect shifts along area of the overlapped crack front. Effect from the crack 
length is found to be negligible when the depth of the neighboring crack is fixed. 
Therefore, it is concluded that in addition to the horizontal separation distance between 
the cracks, the location of two crack fronts’ intersecting point is also causing a great 
impact on the interaction between two parallel surface cracks.  
Throughout the study, it is seen that mode II interaction is not as significant as 
mode I interaction. KII is found to be less sensitive to crack separation distance than KI. 
However, it is important to note that sign of KII changes (from zero to negative, then to 
positive) as two cracks’ horizontal separation distance (S/a) decreases. When two 
parallel surface cracks are interacting under the fatigue loading, propagation direction 




approach each other, crack propagation direction is twisted, and crack growth path 
starts to converge/diverge towards the adjacent crack. It is found that crack propagation 
is retarded when two cracks are overlapped. 
Using the SIFs of various crack interaction configurations obtained by FEM, change 
in crack growth propagation path is predicted by using the maximum tangential stress 
criterion proposed by Egan and Sih [3]. Also, fatigue crack growth is simulated and 
compared with the results from previous experiments conducted by Kamaya, Miyokawa, 
and Kinuchi [12]. From the comparisons, it is confirmed that the direction of crack 
growth under mixed loading conditions (mode I & mode II) can be reasonably predicted 
by applying the results obtained from Abaqus to the maximum tangential stress theory. 
For all KI and KII profiles for various relative spacing and shapes are curve fitted, 
and polynomials of the fitted curve equations are provided in the table so that the 
values between the data points can be interpolated. The tabulated data can easily be 
reconstructed into a polynomial equation, which can be integrated in conventional 
fatigue life prediction software. 
 
4.2 Recommendations 
In this study, interaction between parallel offset semi-elliptical surface cracks are 
only considered for a limited number of crack shapes. Also, both cracks are located 
perpendicular to the loading direction. Therefore, further investigation on additional 
crack configurations and different loading conditions are required to complete the 




the conditions for crack propagation behavior of the interacting parallel cracks (collinear 
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Appendix A Stress Intensity Factor Profiles for Symmetric Crack Shapes 
Normalized mode I and mode II Stress Intensity Factor (SIF) profiles for symmetric 
crack shapes of c/a = 0.9 and 1.2 are presented in this Appendix. Here then normalized 




























































































































































































































































































































































































































































































































































































































Appendix B Coefficients of the Polynomial Fits for Non-symmetric Cracks 
The following tables contain the coefficients of the polynomial fits and coefficient of 
determination, r2, of the regression lines for normalized KI and KII over the range of  
) S TUV S 7 for each H/a determined for non-symmetric crack shapes. For KII of Type 
II crack configuration, regression line over the range of ) S TUV S ` are obtained as 
KII converges to zero when S/a > 0.5 (Table B-4). Refer to Chapter 3.1.4 to learn how to 
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